A graph X is max-λ if λ(X ) = δ(X ). A graph X is super-λ if X is max-λ and every minimum edge-cut set of X isolates one vertex. In this paper, we proved that for all but a few exceptions, the mixed Cayley graph which is defined as a new kind of semi-regular graph is max-λ and super-λ.
Introduction
Let X = (V, E) be a graph. An edge-cut set of X is a subset W of E such that X \ W = (V, E \ W ) is not connected. The edge-connectivity λ(X ) of a nontrivial graph X is the cardinality of a minimum edge-cut set of X . It is well known that λ(X ) ≤ δ(X ) for any graph X , where δ(X ) is the minimum degree of graph X . A graph X is said to have maximal edge-connectivity or simply X is max-λ if λ(X ) = δ(X ). A graph X is said to have super edge-connectivity or simply X is super-λ if X is max-λ and every minimum edge-cut set of X isolates one vertex. For some results about super edge-connectivity of graphs, see [8] [9] [10] [11] [12] .
Let X = (V, E) be a simple graph, denote by Aut(X ) the automorphism group of X . X is said to be vertex transitive if for any two vertices x 1 , x 2 ∈ V , there is an automorphism φ ∈ Aut(X ) such that x 2 = φ(x 1 ). X is said to be edge transitive if for any two edges e 1 , e 2 ∈ V , there is an automorphism φ ∈ Aut(X ) such that e 2 = φ(e 1 ). It is known that connected vertex transitive graphs have maximum edge-connectivity, and connected edge transitive graphs have maximum vertex-connectivity [4] .
Proposition 1.2. Cayley graph C(G, S) is connected if and only if G = S .
Clearly, Cayley graphs are vertex transitive, and so the edge-connectivity of any connected Cayley graph attains its regular degree. Therefore, the research on the connectivity of the Cayley graph is focused on the vertex-connectivity. For results on this subject we refer to [1, 3, [5] [6] [7] .
For studying semi-symmetric graphs, which are regular edge transitive but not vertex transitive, Xu defined the Bi-Cayley graph [2] . Definition 1.3. For a group G, let S be a subset of G, the Bi-Cayley graph BC(G, S) is a graph with vertex set G × {0, 1} and edge set {{(g, 0), (sg, 1)} : g ∈ G, s ∈ S}.
It has been proved that: Inspired by the definition of Bi-Cayley graph, we define the following mixed Cayley graph. Definition 1.5. Let G be a finite group, S 0 , S 1 , S 2 are the subsets of G where 1 G ∈ S i and S
Clearly, X is a semi-regular graph with δ(X ) = min(|S 0 | + |S 2 |, |S 1 | + |S 2 |). For any g ∈ G, the translation MR(g) defined by (x, i) → (xg, i) (i = 0, 1) is an automorphism of X . Since all of these automorphisms form a subgroup MR(G) of Aut(X ), which acts transitively on G × {0} and G × {1} respectively, thus Aut(X ) has at most two orbits.
If
. In this paper, we will investigate the connectivity of mixed Cayley graph. Clearly, we have:
2. λ-atom, λ-superatom and imprimitive block Let X = (V, E) be a simple connected graph and F a proper nonempty subset of V (X ). We use ω(F) to denote the set of edges with exactly one end vertex in F. A proper nonempty subset F of V (X ) is called a λ-fragment if ω(F) is an edge-cut set and |ω(F)| = λ(X ). A λ-fragment with minimum cardinality is called a λ-atom and a nontrivial λ-fragment with minimum cardinality is called a λ-superatom. In [1, 4] , the authors have proved that: Let X = (V, E) be a graph and A be a subset of V . If for any automorphism φ ∈ Aut(X ), either φ(A) = A or φ(A) ∩ A = ∅, then A is said to be an imprimitive block of X . The importance of imprimitive block is shown in the following theorem: 
Maximal edge-connectivity of mixed Cayley graph
In what follows, we assume that
Lemma 3.1. Let X = MC(G, S 0 , S 1 , S 2 ) be a connected mixed Cayley graph and A be a λ-atom. If λ(X ) < δ(X ), then |A| ≥ δ(X ) + 1.
Proof. Since every vertex of A is adjacent with at most |A| − 1 vertices of A, it is easy to see that
In fact, if |A 0 | = 1, there are |S 0 | edges between A 0 and X 0 \ A 0 and there are at most |S 2 | edges between A 0 and
Since X is connected and λ(X ) < δ(X ), we have δ(X ) ≥ 2. By Lemma 3.1,
be a connected mixed Cayley graph and A = A 0 ∪ A 1 be a λ-atom, where
Proof. (1) Since λ(X ) < δ(X ), X is not vertex transitive, Aut(X ) has exactly two orbits X 0 , X 1 . By lemma 3.2, the induced subgraph Y = X [A] is a nontrivial connected subgraph of X , thus at least one vertex of X i , respectively, lies in a λ-atom. By Lemma 3.3, every vertex of X lies in a λ-atom. By Proposition 2.2, V (X ) is a disjoint union of distinct λ-atoms.
(
Then X is not max-λ if and only if X satisfies the following conditions:
(2) G 1 , G 2 G and S 0 contains a second-order element s 0 . If
2 . Then λ(X ) = |ω(A)| < δ(X ) only if one of the following conditions hold:
Without loss of generality, we only consider condition (1).
, (s 0 g, 0)} : g ∈ H 0 } where s 0 is a second-order element of S 0 . By Lemma 3.3, V (X ) is a disjoint union of distinct λ-atoms. Since H 1 ≤ G, X i (i = 0, 1) is also a disjoint union of distinct cosets of H 1 . Because X − ω(A) has exactly two components,
From Theorem 3.5, we know that if mixed Cayley graph is not max-λ, then S 0 = ∅ or S 1 = ∅. So we obtain the following result: Corollary 3.6. If Bi-Cayley graph X = BC(G, S) is connected, then X is max-λ.
Super edge-connectivity of mixed Cayley graph
In this section, we will study super edge-connectivity of mixed Cayley graph. It is easy to see |S 2 | = |S 0 | = |S 1 | = 1, it means X is a cycle, a contradiction.
Lemma 4.4. Let X = MC(G, S 0 , S 1 , S 2 ) be max-λ but neither super-λ nor cycle, let A be a λ-superatom.
Proof. For case (1), without loss of generality, suppose A ⊆ X 0 . Let X = X [X 0 ] be the subgraph of X induced by X 0 = G × {0}. Thus X ∼ = C(G, S 0 ) and Y is also the subgraph of X . By Lemma 4.3, A is an imprimitive block of X . By Theorem 2.4, we know that case (1) holds.
The proof of case (2) is similar to the proof of Lemma 3.3.
Lemma 4.5. Let X = MC(G, S 0 , S 1 , S 2 ) be max-λ but neither super-λ nor cycle, let A be a λ-superatom.
The proof of Lemma 4.5 is similar to the proof of Lemma 3.4.
X is not super-λ if and only if X satisfies one of the following conditions: 
Condition (6) is similar to condition (5). Thus, necessity holds. We prove the sufficiency. Let A be a λ-superatom.
is a regular graph with degree r 0 , we have
In a similar manner, if A ⊆ X 1 , then X is not super-λ only if
Without loss of generality, suppose From Theorem 4.6, it is easy to see that: if X = MC(G, S 0 , S 1 , S 2 ) is not super-λ, then S 0 , S 1 are not empty sets, so we have the following result: Corollary 4.7. If Bi-Cayley graph X = BC(G, S) is connected and δ(X ) > 2, then X is super-λ.
